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Abstract
We construct new non-singular and time-dependent solutions from the black diholes with un-
balanced magnetic charge. These solutions are constructed by the double Wick rotation with the
analytic continuation of the mass or NUT-parameter of unbalanced black diholes. In the limit of
balanced magnetic charge, our solutions reduce to the S-brane solution obtained from the black
diholes discussed by Jones et al. [20]. We study the behaviors of metric components and discuss
the s-charge over a constant time-slice. From the properties of the solutions, we find that our
solutions correspond to the S-brane type solutions.
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I. INTRODUCTION
The solutions for multi-black holes have been of great interest. The static maximally
charged multi-black hole solution was discussed by Majumdar and Papapetrou [1, 2, 3] and
other multi-black hole solutions were studied in [4, 5, 6, 7]. Recently, the static and axisym-
metric solutions describing multiple collinear black holes have attracted much attention. The
multiple collinear Schwarzschild solution was given by Israel and Khan [4]. Emparan and
Teo considered the static pairs of oppositely charged extremal black holes (black diholes)
solution [8, 9, 10]. These black hole solutions enable us to study their thermodynamics and
the interaction between black holes [9, 11].
Recently, the studies of the S-brane solution have received much attention [12, 13, 14, 15].
The S-brane solutions are constructed by the analytic continuation of black hole solutions
[16, 17, 18, 19]. In the case of multi-black holes, the black dihole solutions lead to non-
singular S-brane type solutions by double Wick rotation [20, 21, 22]. S-brane solutions
are time-dependent gravitational configurations, describing a shell of radiation coming in
from infinity and creating an unstable brane which subsequently decays. Such solutions are
very interesting, because they are singularity-free and periodic in imaginary time. S-brane
obtained from the collinear black holes solution provide large N duals of unstable D-brane
in string theory [20].
In this work, we consider the non-singular and time-dependent solutions introduced with
double Wick rotating multi-black holes. Jones et al. discussed the S-brane solutions con-
structed from the black diholes which have the same magnitude and opposite magnetic
charge [20]. In our study, we consider the double Wick rotation of the black dihole solutions
with the unbalanced magnetic charges, such as the different magnitudes and opposite mag-
netic charges. From the studies of S-brane constructed from the unbalanced black diholes,
we expect that we can discuss the unstable D-brane with the different magnitudes of charges.
The obtained solutions contain the NUT-parameter which represents the total magnitude.
We investigate the singularity and s-charge of our solutions. From their properties, we see
that our solutions are corresponding to the S-brane type solutions.
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II. BLACK DIHOLES WITH UNBALANCED MAGNETIC CHARGES
The solutions of black diholes with unbalanced magnetic charges are discussed by Liang
and Teo [23]. We consider the static, axisymmetric solution of the Einstein-Maxwell-Dilaton
system.
S =
∫
d4x
√−g
(
R− 2(∇φ)2 − e−2αφF 2
)
, (1)
where R is the Ricci scalar, φ the dilaton field and Fab the electromagnetic field tensor. We
choose a purely magnetic field A ≡ Aϕ and other components of Aa to be zero. Then, we
obtain the black dihole solution represented by
ds2 = Λ
2
1+α2

−dt2 + Σ
4
1+α2
(∆ + (m2 + a2 − l2) sin2 θ) 3−α
2
1+α2
(
dr2
∆
+ dθ2)

+ ∆sin2 θ
Λ
2
1+α2
dϕ2, (2)
and magnetic field and dilaton field are of the following form:
Aϕdϕ = − 2√
1 + α2
a(mr − l2) sin2 θ + l∆cos θ
∆+ a2 sin2 θ
dϕ, (3)
φ = − α
1 + α2
ln
(
∆+ a2 sin2 θ
Σ
)
, (4)
where
∆ = r2 − 2mr − a2 + l2, Σ = r2 − (a cos θ + l)2, Λ = ∆+ a
2 sin2 θ
Σ
. (5)
This solution describes a pair of extremal dilatonic black holes with unbalanced charges lying
on the symmetry axis. The parameter a is a measure of the distance between the two black
holes. l is the NUT-parameter, representing the monopole field strength of the solution
at far distance. The curvature singularities (which represent black holes) are located at
r = r+ ≡ m+
√
m2 + a2 − l2 and θ = 0, pi. From the asymptotic behaviors of gtt and Aϕ, the
total mass is found to be M = 2m/(1+α2) and the net magnetic charge is Q = 2l/
√
1 + α2.
In the case of l = 0 and α = 0, this solution becomes the black magnetic dihole solution
studied by Emparan [8]. The solution for a → ∞ represents the extremal dilatonic black
holes [24].
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III. WEYL FORM
We rewrite the black dihole solutions by the Weyl form. The coordinate transformation
between r, θ and Weyl coordinates is
ρ =
√
r2 − 2mr − a2 + l2 sin θ =
√
∆sin θ, (6)
z = (r −m) cos θ. (7)
In the Weyl form, the solution (2) are given by
ds2 = −fdt2 + e
2γ
f
(dρ2 + dz2) +
ρ2
f
dϕ2, (8)
where
f =

 (R+ +R−)2 − 4m2 + 4l2 − a2m2+a2−l2 (R+ −R−)2
(R+ +R− + 2m)2 − { a√m2+a2−l2 (R+ −R−) + 2l}2


2
1+α2
, (9)
e2γ =

(R+ +R−)2 − 4m2 + 4l2 − a2m2+a2−l2 (R+ −R−)2
4R+R−


4
1+α2
, (10)
R± =
√
ρ2 + (z ±
√
m2 + a2 − l2)2. (11)
The magnetic field and dilaton field are
A = − 1√
1 + α2
[
(R+ +R−)2 − 4m2 + 4l2 − a2m2+a2−l2 (R+ − R−)2
]
×
[ {
am(R+ +R− + 2m)− 2al2
}
(4− (R+ − R−)
2
m2 + a2 − l2 )
+
l(R+ − R−)√
m2 + a2 − l2
{
(R+ +R−)
2 − 4(m2 + a2 − l2)
} ]
dϕ, (12)
φ = − α
1 + α2
ln

 (R+ +R−)2 − 4m2 + 4l2 − a2m2+a2−l2 (R+ − R−)2
(R+ +R− + 2m)2 − { a√m2+a2−l2 (R+ − R−) + 2l}2

 . (13)
In this frame, the extremal black holes are located at z = ±√m2 + k2 − l2, ρ = 0. The
horizons of these black holes are degenerate. The metric has conical singularities along
z-axis between −√m2 + k2 − l2 < z < √m2 + k2 − l2.
IV. S-DIHOLE SOLUTIONS
We consider new non-singular, time-dependent solutions which arise by the double Wick
rotating black dihole solutions. Jones et al. [20] studied the non-singular S-brane solution
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from the black diholes with the double Wick rotation, represented by analytically continuing
the coordinates
t→ iy , z → iτ. (14)
Many gravity solutions can be analytically continued to obtain new time dependent solution
and those are not uncommon to have two or more different analytic continuations [19].
In our case, two types of S-dihole solutions can be constructed. We call them S-dihole
I and S-dihole II. The S-dihole I is obtained by double Wick rotation and the analytic
continuation of NUT-parameter l → −il. For the S-dihole II solution, we consider the
analytic continuation of mass parameter m → im with double Wick rotation [26]. Under
these analytic continuations, the metric components have a real parameter. The difference
of the two solutions is in the spacetime structure. The spacetime structure of S-dihole II
is complicated. The S-dihole II has the same structure with the S-dihole constructed from
the balanced black diholes discussed in [19], except that the positions of the coordinate
singularities in S-dihole II depend on the NUT-parameter.
A. S-dihole I
One of the non-singular and time-dependent solutions is constructed by the following
double Wick rotation and analytic continuation:
t→ iy , z → iτ l → −il. (15)
Then, the metric takes the following form:
ds2 =
1
f
(
ρ2dϕ2 + e2γ(dρ2 − dτ 2)
)
+ fdy2, (16)
where
R =
√
ρ2 − (τ + i
√
m2 + a2 + l2)2, (17)
f =

 (ReR)2 −m2 − l2 + a2m2+a2+l2 (ImR)2
(ReR +m)2 + { a√
m2+a2+l2
(ImR) + l}2


2
1+α2
, (18)
e2γ =

(ReR)2 −m2 − l2 + a2m2+a2+l2 (ImR)2
|R|2


4
1+α2
. (19)
(20)
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The gauge field and dilaton field are written as
A =
−2√
1 + α2
[
(ReR)2 −m2 − l2 + a2
m2+a2+l2
(ImR)2
]
×
[ {
am(ReR +m) + al2
}
(1 +
(ImR)2
m2 + a2 + l2
)− l(ImR) {(ReR)
2 − (m2 + a2 + l2)}√
m2 + a2 + l2
]
dϕ, (21)
φ = − α
1 + α2
ln

 (ReR)2 −m2 − l2 + a2m2+a2+l2 (ImR)2
(ReR +m)2 + { a√
m2+a2+l2
(ImR) + l}2

 . (22)
In the case of l = 0, this solution corresponds to the S-dihole solution obtained from the
double Wick rotation of black diholes, discussed by Jones et al. [20]. Our solution (16)-(22)
is the extension of their solution in the dependence on the NUT-parameter.
B. S-dihole II
Our second solution is constructed by the following double Wick rotation:
t→ iy , z → iτ m→ im. (23)
In this case, the quantity R+ + R− + 2m appearing in (9) is not real. Then the coordinate
r = 1
2
(R+ + R− + 2m) does not make sense. We can avoid this problem by replacing
R− → −R− in the solution(8)-(13); this replacement is a choice of branch which appears
from the square roots of Weyl functions. The metric is represented as
ds2 =
1
f
(
ρ2dϕ2 + e2γ(dρ2 − dτ 2)
)
+ fdy2, (24)
where
R =
√
ρ2 − (τ + i
√
a2 −m2 − l2)2, (25)
f =

 (ImR)2 −m2 − l2 + a2a2−m2−l2 (ReR)2
(ImR−m)2 + { a√
a2−m2−l2 (ReR) + l}2


2
1+α2
, (26)
e2γ =

(ImR)2 −m2 − l2 + a2a2−m2−l2 (ReR)2
|R|2


4
1+α2
, (27)
and
A =
−2√
1 + α2
[
(ImR)2 −m2 − l2 + a2
a2−m2−l2 (ReR)
2
]
×
[ {
−am(ImR−m) + al2
}
(1− (ReR)
2
a2 −m2 − l2 ) +
l(ReR) {(ImR)2 + (a2 −m2 − l2)}√
a2 −m2 − l2
]
dϕ, (28)
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φ = − α
1 + α2
ln

 (ImR)2 −m2 − l2 + a2a2−m2−l2 (ReR)2
(ImR−m)2 + { a√
a2−m2−l2 (ReR) + l}2

 . (29)
The difference between S-dihole I (16)-(22) and S-dihole II (24)-(29) is in the spacetime
structure [19]. Sending mass parameter m → im and NUT-parameter l → il for S-dihole I
solution produces a S-dihole II. To clarify the difference from the work of Jones et al. [20],
let us consider the behaviors of our S-dihole I solution (16)-(22) in more detail.
V. NUMERICAL RESULTS AND S-CHARGE
The behaviors of solution (16)-(22) are shown in Figure 1 for typical values of a, m, l and
α. The S-dihole I solution is asymptotically flat at large radius, or in the far past or future.
The metric components are smooth and non-singular for real values of ρ and t. Outside
the light cone ρ2 = t2 in the time-like direction, the fields are connected to the Minkowski
space. The shapes of gravitational potential gtt and the gauge field Aϕ crossing the light
cone represent that an observer feels gravitational and electromagnetic forces. These are
typical properties of S-brane solutions. For the dependence on NUT-parameter, the forces
felt by the observer crossing the light cone are the difference between future and past. This
is difference from the S-brane solution of Jones et al. [20] : in the case of their S-brane
solution, the observer feels the same forces.
We compute the s-charge of S-dihole I in Weyl coordinates at a constant τ slice.
Qs =
1
4pi
∫
∂ρA dρ dϕ
=
1√
1 + α2
(
m
a
√
m2 + a2 + l2 +
m2
a
+
l2
a
)
. (30)
This s-charge is conserved at constant τ slice. In the case of l = 0, (30) is equal to the s-charge
obtained from the black diholes with balanced magnetic charge [20]. Both the behavior of
metric components and the conserved s-charge indicates that our solution obtained from
unbalanced black diholes is a kind of the S-brane solutions.
VI. CONCLUSION
We obtained the exact, non-singular and time-dependent solutions. Our solutions had the
typical properties of S-brane solution and the s-charge was conserved over constant time slice.
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FIG. 1: The behaviors of S-dihole I solution for typical values of the parameter.
It was found that our solution represented one of the S-brane solutions, constructed from
the black diholes with the unbalanced magnetic charges. The NUT-parameter l represents
the net magnetic charge of black diholes. In the case of no dilaton and l = 0, our solution
coincides with the S-brane solution discussed in [20], where the S-brane solutions constructed
form the black diholes.
Considering the extension of S-dihole solutions, Jones et al. [20] studied the S-brane solu-
tion constructed by double Wick rotation for array of alternating-charge Reissner-Nodstro¨m
black holes. Their S-brane solutions are periodic in imaginary time and large-N duals of
unstable D-brane creation/decay in string theory. Our S-branes are constructed from the
black diholes with the unbalanced magnetic charge. In a further works, we will study the
array of unstable black diholes. Using this array solution, we expect that we can study
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the S-brane with the unbalanced magnetic charge and the process of more general D-brane
decay and creation.
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